Long tunneling contact as a probe of fractional quantum Hall neutral edge modes 
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We study the tunneling current between edge states of quantum Hall liquids across a single long 
contact region, and predict a resonance at a bias voltage set by the scale of the edge velocity. For 
typical devices and edge velocities associated with charged modes, this resonance occurs outside the 
physically accessible bias domain. However, for edge states that are expected to support neutral 
modes, such as the u = ^, and = f Pfaffian and anti-Pfafhan states, the neutral velocity can be 
orders of magnitude smaller than the charged mode and if so the resonance would be accessible. 
Therefore, such long tunneling contacts can resolve the presence of neutral edge modes in certain 
quantum Hall liquids. 
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I. INTRODUCTION 

Quantum Hall (QH) states are incompressible quan- 
tum fluids where all bulk excitations are gapped, but 
gapless modes exist at the boundaries. In the integer ef- 
fect, edge states can be understood in a simple way for 
non-interacting electrons,^ with an edge channel match- 
ing each filled Landau level in the bulk, as the Landau 
bands bend at the edges of the system due to the confin- 
ing potential and cross the Fermi level. In the fractional 
effect the situation is richer, and there is a one-to-one re- 
lation due to gauge invariance that ties the bulk states, 
classified by 2+lD Chern-Simons theories, and the gap- 
less edge modes. ^ Depending on the bulk filling fraction 
or the details of edge confinement, the edge theory may 
contain, in addition to a charge mode that carries the 
quantized Hall currents, neutral modes. For example, 
even for a v = I QH state, neutral modes are present 
if the edge is smooth or reconstructed. » For fractional 
QH states, even for sharply defined edges, neutral modes 
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may be present. Such is the case for v — ^ states, 
as well as for the = f Pfaffian and anti-Pfafhan non- 
Abelian states^''^ and the situation becomes even richer 
if the edges of such states undergo reconstructions.— 

Chiral charge modes, which cannot be localized by dis- 
order, are closely tied to the quantization of the Hall 
conductance; hence the existence of these modes is un- 
avoidable. Experiments have been designed to probe the 
propagation of these charge modes, in particular to mea- 
sure their wave velocity.^' On the other hand, to the 
best of our knowledge, there has not been any experi- 
mental result that confirms the existence of the neutral 
modes. 

There are a number of reasons as to why one should 
seriously look into ways of detecting neutral edge modes. 
For example, there are theoretically unresolved experi- 
mental findings on tunneling on the edges of QH liquids 
in cleaved-edge overgrown samplesiii^^ which could be 
better understood if information on the neutral modes 
were available. More specifically, in these experiments 
one measures a non-linear I — V characteristic of Lut- 
tinger liquid behavior at the edges; however, the power- 
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FIG. 1: Tunneling between two edges in a quantum long con- 
tact (QLC) does not occur at a single site, but rather over a 
range of positions along the edge. Arrows indicate propaga- 
tion direction of current. 



law exponent is not in agreement with theoretical predic- 
tions. ^■^'^ Instead, these exponents match those obtained 
if one had only the charge mode and no neutral ones. 
However, one cannot construct an operator for creating 
an excitation with the charge of an electron and fermionic 
statistics using the charge mode alone. Hence, the neu- 
tral modes are both the champions and the villains lin- 
gering over the resolution of this puzzle, and this has 
led to proposals that the neutral modes may be either 
extremely slowi^ or topological and non-propagating at 
allfi^ Another reason to probe neutral modes is that, in 
the case of the interesting non-Abelian states, these are 
the modes that carry the non-local information of the 
order and twinning of edge quasiparticles. 

The objective of this paper is to propose a way to probe 
neutral edge modes. The proposed set-up consists of a 
long contact region, or quantum long contact (QLC), in 
which there are several interfering paths for tunneling 
charge from two opposite edges of a Hall bar, as depicted 
in Fig.[Tl resembling an AC Josephson junction. The idea 
of exploring interference between tunneling paths is rem- 
iniscent of a two-point contact interferometer^^ (2PC) for 
probing quasiparticle statistics. Both methods are sen- 
sitive to neutral edge modes, the main difference being 
the observation window: the long contact setup probes 
slower edge velocities than the two-point contact setup. 
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We find that coherent tunnehng inside a QLC gives 
rise to a resonance in the tunnehng current at zero tem- 
perature for a bias voltage Vycs given by 
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where W is the width of the QLC, £b is the magnetic 
length, and v is the slowest edge velocity associated with 
the tunneling quasiparticle. The origin for the resonance 
has a simple explanation. The interference of a tunneling 
quasiparticle between two paths, separated by a distance 
X along the edge, is guided by two phases: on the one 
hand there is the Aharonov-Bohm phase {e*/e)xW/£'^ 
that basically multiplies the quasiparticle charge e* with 
the flux enclosed in the area Wx; on the other hand 
there is the phase ujjt that is introduced by an applied 
bias voltage V between the two edges, with Josephson 
frequency uij = e*V/h and t = x/v. The resonance oc- 
curs at the stated voltage Vrcs when the two phases be- 
come equal and give rise to constructive interference. The 
resonance condition follows from the interference among 
multiple tunneling paths along the length L of the QLC; 
however, notice that the length of the channel drops out 
of the resonance condition Eq. ([T]). The resonance be- 
comes sharper for longer lengths L of the QLC. At finite 
temperature T the resonance will be reduced and for tem- 
perature 2ttT > e*K-os it will be washed out. A sharp 
resonance in the tunneling current will lead to a strong 
peak followed by a strong dip in the tunneling conduc- 
tance at non-zero bias. 

Now, if there are multiple edge velocities associated 
with propagation of the quasiparticle along the edge, 
there are in principle multiple phases ujjx/vi, one for 
each velocity. We are especially interested in a situa- 
tion where there are two velocities: one fast velocity as- 
sociated with the charged mode, and one slow velocity 
associated with the neutral mode(s). For the charged 
mode the edge velocity is expected on general grounds 
to be determined by the scale set by electron-electron 
interactions, Vc (e"/e)/ft — ac/e, where e is the di- 
electric constant of the medium (ecaAs ~ 12.9). There- 
fore, the charge mode velocity is of order ~ lO^m/s. 



With a width W '-^ 10£b and £b lOnm we would find 
V^cs ^ O.IV ~ lO'^K; the current that would have to be 
driven through the sample at such a voltage would surely 
destroy the quantum Hall state. A resonance due to such 
a fast velocity is thus not likely experimentally accessi- 
ble at a QLC. A neutral mode velocity is not bound to 
the scale set by Coulomb interactions though, and can in 
principle be orders of magnitude smaller. 

We proceed in Sec. |TT] with a detailed calculation of 
the tunneling current to determine the precise lineshape 
of the resonance; Fig. [2] illustrates the main result of this 
paper. In Sec. [Till we focus on the range of accessible 
slow edge velocities and compare the observation ranges 
of the QLC and the 2PC. We conclude in Sec. |TVl 
II. TUNNELING CURRENT THROUGH A 
QUANTUM LONG CONTACT 

In this section we calculate the tunneling current 
through a QLC to determine the lineshape of the res- 
onance as a function of bias, temperature, tunneling ex- 
ponent and edge velocity. The tunneling current due to 
N (discrete) tunneling sites was calculated in linear re- 
sponse m ReflU 
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P^{t + Xij/v) Pi{t ~ Xij/v) - {ujj ^ ~ujj). (2) 

Here Xij = Xi — Xj and edge quasiparticle propagator 
Pg/2{t) is given by 
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(5 + 2sinh7rrt)fi 



for T = 0, (5 = 0+, 
for T ^ 0. 
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In this paper we will generalize Eq. ^ by making the 
discrete number of tunneling sites into a continuous dis- 
tribution, F; ^7(2;), and to separate contributions from 
charged and neutral modes, which come with distinct 
edge velocities v^.^^ and tunneling exponents ffc/nj 



i(wj) = e* y dxdy 7(x) 7*(y) 



{ujj ^ -ujj). (4) 
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See Fig. [T] for a sketch of the setup. We assume that the The form we choose for the tunneling amplitude ^{x) 

entire bulk has the same filling fraction, and the edges are explicitly contains the Aharonov-Bohm phase linear in x, 
the modes associated with that bulk state. In the narrow 

region under the QLC we do not allow bulk quasiparticles Y ^ WL 

to become trapped. li^) = ^* = 727- (5) 
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Here iV$ is 27r times the number of flux quanta enclosed 
in the area WL; T/£b is a measure of the tunnehng am- 
phtude strength per unit length, which is assumed to be 
small enough to warrant the weak-tunneling approxima- 
tion of linear response. We included a Gaussian enve- 
lope to provide a smooth cut-off scale at length L; the 
Gaussian form simplifies the integration over x and y. 
The exact form of the cut-off is not important when L 



is large, and this is the regime we are interested in, be- 
cause temperature will introduce another, smaller, cut-off 
length-scale. [For the case when L is not so large (i.e., 
L/£b ^ 1), the approximation to 7(x) in Eq. ^ is less 
accurate in that the Aharonov-Bohm phase should not 
be simply linear, but should contain a quadratic piece 
to account for the funneling in and out of the tunneling 
region.] 



One can carry out the integrals over x and y after recasting the expression for the tunneling current Eq. ([4| in 
terms of the (inverse) Fourier transforms of Pg {t) , 

^e{Lu)\uj\^s-i^l^ forr = o. 



(27rT)2s-ii3(g + *^,5-z^)e# for T ^ 0, 



where 0{s) is the Heaviside unit-step function and B{a, b) is the Euler beta function. In the limit Vc 2> i.e., neutral 
mode much slower than charged mode, the expression for the tunneling current becomes 



hm /,„„ = e*|rp^ / ^^p^(^^)P^(^,)P^^(^,,_^^_^,)e-^^5=[i-^]'-(..^^-..^), (7) 



where = (e* /e)N^ and e^Vj = ojj, and o^ics = e*Vics is defined with respect to the neutral velocity as in Eq. |T|l. 

Let us first consider Eq. (O in the limit of large L, hence large A^|, in which case the Gaussian in Eq. (O reduces 
to a ^-function that sets coi ^ uj2 = ^ics (and a prefactor \/27r cUj-cs/N^); in the limit of zero temperature one obtains 

/tun - e|rpA sgn(tuj) e{\ivj\-u;,,^) 

^ ' ' 1 F l-g„,5„;2g,-f.g„;---^ , (8) 
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where F is the hypergeometric function. Notice the step 
function Sdt'-'jl — Wrcs), so that, at T = 0, the cur- 
rent vanishes for biases below a threshold set by the 
resonance. Near the resonance, the current scales as 
hun ^ {\o-!j\/uJrcs — i)2gc +9,1-1^ large biases, far from 
the resonance, the current scales as 



/tun ^ {\ujj\/u!^csf^" 
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Next, we consider Eq. fT]) for finite length L and non- 
zero temperature T. We find that either will smoothcn 
the divergence at the resonance that exists for T = and 
L ^ oo. Note that the ratio Itnu/L is a useful quan- 
tity to compare different lengths L. The effect of finite 
temperature is remarkably similar to that of finite length 
in the sense that we can define a length scale Lt set by 



temperature such that 

lim y/tun(i, T ^ 0) ~ -L/t,„(Li., r = 0) 
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It was already emphasized by Bishara and Nayaki^ for a 
two-point contact interferometer that Vn/T sets a tem- 
perature decoherence length scale; they define a tem- 
perature decoherence length as = Vn/i^nTgn) (for 
Vc — > oo). Their definition differs from ours by a fac- 
tor of order one [since the two setups are different, exact 
comparison is not possible] . 

Plots of the tunneling current /tun and the differential 
tunneling conductance Gtun = dItun/dV are shown in 
Fig. [2] for the following three quantum Hall states: the 
1/ = I Pfaffian state (e* = e/4, gc = 1/8, .g„ = 1/8), the 

= I anti-Pfaffian state (e* = e/4, gc = 1/8, gn — 3/8), 
and the Abelian — ^ state (e* = e/3, gc — 1/6, 
gn = 1/2). The current and conductance are plotted as 
a function of bias voltage and at different temperatures 
as indicated by Lt- The tunneling current for a QLC is 
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FIG. 2: (Color online) Plots of the tunneling current per unit length (left column) and differential tunneling conductance per 
unit length (right column) for three states: the Pfafhan (a,b), the anti-Pfaffian (c,d) and the f ~ \ (e,f) state. The three 
states differ in their values for e*, gc and gn- Plotted are Jtun/i and Gtun/i as function of bias voltage at zero and finite 
temperatures. At T = the current and conductance are zero for bias voltages below the threshold loj = tJrcs and diverge 
exactly at the resonance. At finite temperatures the divergence is reduced: the current reduces to a peak, the conductance 
reduces to a peak followed by a dip. When Lt, the length set by temperature, becomes smaller than Ib the resonance becomes 
fully washed out and disappears. We set |r|^a;ris "^^"^ '^ee* = 1 and W — IO^b. 



the main result of this paper, we plot the differential tun- 
neling conductance as well because it is the conductance 
which is usually measured in experiment. 

Qualitatively the resonance at a QLC is independent 
of tunneling exponents and as the plots for the 
three different states in Fig.[2]show more or less the same 
behavior: at zero temperature the current and conduc- 
tance are strictly zero below the resonance and diverge 



exactly at the resonance bias voltage of the QLC; at fi- 
nite temperatures the resonance shows up as a strong 
peak in the current around the resonance bias voltage 
(strong peak followed by dip in the conductance) which 
becomes washed out if temperature becomes too high. 
Note that /tun(^) decays as power-law for ^ T, so 
Gtun will be negative here. Qualitatively the resonance 
is a probe of a slow edge velocity. Quantitatively, the tun- 
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neling exponents gc and (/„ do affect the detailed shape of 
the resonance peak at finite temperature, and a precise 
observation of a resonance not only conveys information 
about the slow edge velocity but also about the tunneling 
exponents gc and gn^ 



gap Tgap likely sets the scale for V^nax, but pre- factors 
are important [e.g. eT4iax — Tgap and e*Vmax — STrTgap 
differ by a factor 20]. For the 2PC setup our estimate 
gives — lO^m/s (for x = Ifim). 



III. ACCESSIBLE EDGE VELOCITIES 



We would now like to address which range of slow edge 
velocities can realistically be observed, and directly com- 
pare with the two-point contact interferometer setup.— 
The lower bound is set by temperature (for both setups). 
For the QLC, the scale Lt/^b ~ 1 is the cross-over re- 
gion where the resonance disappears. The lower bound 
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^min slow edge velocity is then given by 
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For typical values, Tbasc — lOmK, is = lOnm, W/£b = 
10, e* = e/3, we find v^l^^ ~ 25m/s. For the 2PC setup, 
the interference signal (which carries the edge velocity 
signature) is washed out when the spacing x between 
the two contacts, i.e., the interferometer arm- length, is 
smaller than L^. In current experiments, device fabrica- 
tion limits X > 1/im. With g„ = 1/4, this gives a lower 
bound of v^^^ ~ 2000m/s. Note that the QLC is sen- 
sitive to edge velocities up to two orders of magnitude 
slower compared to the 2PC setup. An intuitive expla- 
nation for this difference is to think of the QLC as an 
array of point contacts with a very small effective spac- 
ing X which is much smaller than any spacing x that can 
be fabricated for a 2PC setup. 

For both the QLC and 2PC setups, the upper bound 
on the edge velocity that can be observed is given by the 
maximum voltage that can be applied to the quantum 
Hall system without destroying it due to e.g. heating 
(a current / = V/Rh has to flow through the system). 
This maximum voltage Vmax is not as clear-cut and may 
depend on sample, specific experimental setup, and filling 
fraction. In terms of this V^nax we have for the QLC setup 
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To give a numerical estimate, for eVmax = 750fcBTbasc 
one would find = lOOOm/s. The bulk excitation 



IV. CONCLUSION 

Given our estimates of the (non-overlapping) ranges of 
accessible edge velocities, we have to conclude that the 
QLC and 2PC setups complement each other quite well. 
A dedicated search for slow edge velocities should imple- 
ment both setups in order to probe edge velocities from 
tens to ten-thousands of meters per second. Besides the 
different ranges of edge velocities, the main difference be- 
tween the two setups is the signature of the edge velocity: 
for the QLC it is a resonance in the tunneling conduc- 
tance as function of bias, for the 2PC it is a modulation of 
the interference signal within the tunneling conductance 
as function of bias j^^i^^ detecting a modulation in inter- 
ference requires an extra experimental knob compared to 
detecting a resonance. 

In this paper we assume the width W of the QLC is 
constant, but disorder may lead to fluctuations of the 
width. As long as such fluctuations along the edge occur 
on scales larger than the magnetic lenght the resonance 
should survive, albeit with some broadening of the line- 
shape^ A feature at finite bias observed in device 2 of 
Ref.18, a channel-like geometry, can be due to a reso- 
nance, and leads us to expect that the proposed QLC 
setup is physically realizable. 

In summary, we proposed and analyzed a device that 
can potentially detect the presence of neutral edge modes 
at the edge of QH liquids, by resolving velocities as small 
as tens of m/s. The ability to resolve these modes and 
measure their velocity of propagation using a QLC (possi- 
bly combined with a 2PC) can provide a better quantita- 
tive understanding of QH edge states, and can help guide 
attempts to probe quasiparticle statistics, both Abelian 
and non-Abelian. 
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